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PDE-System (3D)

∂tu = Ax∂xu + Ay∂yu + Az∂zu (+q + · · · )

Spaltenmatrix u, quatr. Matrizen Ai

partielle Differentiationen ∂t ≡ ∂
∂t

, ∂i ≡ ∂
∂xi

uj = uj(t, x, y, z)

u = u(t, r˜)
aij = aij(t, r˜,u)

∂tu = A˜∇˜ u (+ · · · )
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Gewöhnliche Differentialgleichung (DG)

du

dt
= pu ( +q )

u = u(t), p = p(t, u)

Lösung:

u(t) = e

t∫
t0

p(τ )dτ
u(t0)
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Partielle DG (PDE)

∂tu = a∂xu

u = u(t, x), a = a(t, x, u)

Lösung PDE:
setze hier Funktion p = a∂x als Funktionsoperator

u(t, x) = e

t∫
t0

a(τ )∂xdτ
u(t0, x)

Zur Integration zeitabhängiger PDE-Systeme 4



6. Juli 2007 5

Taylor Reihe

u(x + hx) = u(x) + hx∂xu(x) + 1
2h

x2∂2
xu(x) + · · ·

=
(

1 + hx∂x + 1
2h

x2∂2
x + · · ·

)
u(x)

u(x + hx) = eh
x∂xu(x)

allgemein räumlich:

u(r˜+ h˜) = e
h˜∇˜ u(r˜)
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Lösung PDE

hx = tā =
t∫
t0

a(τ )dτ

u(t, x) = eh
x∂xu(t0, x)

= u(t0, x + hx)

Figur 1: 1D Lösung
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Partielle DG (PDE), räumlich

∂tu = a˜∇˜ u
u = u(t, r˜), a˜ = a˜(t, r˜, u)

z.B. 2D karthesisch

∂tu = ax∂xu + ay∂yu
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Lösung PDE, räumlich:
setze hier Funktion p = a˜∇˜ als Funktionsoperator

u(t, r˜) = e

t∫
t0

a˜(τ )∇˜ dτu(t0, r˜)

u(t, r˜) = e
h˜∇˜ u(t0, r˜)

= u(t0, r˜+ h˜)

h˜ = tā˜ =
t∫
t0

a˜(τ )dτ
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z.B. 2D karthesisch

u(t, x, y) = e

t∫
t0

(
ax(τ )∂x + ay(τ )∂y

)
dτ
u(t0, x, y)

= e

(
hx∂x + hy∂y

)
u(t0, x, y)

kommutativ

= e h
x∂x

(
e h

y∂y u(t0, x, y)
)

= e h
x∂x u(t0, x, y + hy)

= e h
y∂y u(t0, x + hx, y)
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z.B. 2D karthesisch

u(t, x, y) = u(t0, x + hx, y + hy)

Figur 2: 2D Lösung, karthesisch
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z.B. 2D allgemein
∂tu = a˜∇˜ u

r˜= r0˜ + (t− t0)a˜
u(t, x′, y′) = u(t0, x

′ + hx
′
, y′ + hy

′
)

Figur 3: 2D Lösung, allgemein
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PDE-System

∂tu = A˜∇˜ u

u = u(t, r˜),A˜ = A˜ (t, r˜,u)

zB. 2D karthesisch

∂tu = Ax∂xu + Ay∂yu
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Lösung PDE-System:
setze hier Funktion p = A˜∇˜ als Funktionsoperator

u(t, r˜) = e

t∫
t0

A˜ (τ )∇˜ dτu(t0, r˜)

u(t, r˜) 6= u(t0, r˜+ h˜) !!!

= ???
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z.B. System 1D

u(t, x) = e

t∫
t0

Ax(τ )∂xdτ
u(t0, x)

= e Hx∂x u(t0, x)

Hx = tĀ
x

=
t∫
t0

Ax(τ )dτ

eH
x∂x = ???
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Matrixfunktionen

EW-Gleichung
(λ− λ1)(λ− λ2) · · · (λ− λm) = 0

Cayley-Hamilton
(A− λ1I)(A− λ2I) · · · (A− λmI) = 0

z.B. m= 3
A3 = c2A

2 + c1A + c0I
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Ersatzpolynom (für einfache EW)

A = A1λ1 + A2λ2 + · · · + Amλm

=
m∑
i=1

Aiλi ≡ Aiλi

mit
AjAk = Ajδjk

Matrixfunktionen z.B

A−1 = Ai/λi

sinA = Aisinλi

eA = Aie
λi
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z.B. für m= 3
Ai = [(A− λjI)/(λi − λj)][(A− λkI)/(λi − λk)]

z.B. mit Eigenvektoren λ1 = −a, λ2 = 0, λ3 = +a
A1= [(A− λ2I)/(λ1 − λ2)][(A− λ3I)/(λ1 − λ3)]
A1= [(A− 0I)/(−a− 0)][(A− aI)/(−a− a)]

A1 = 1
2(A/a)2 − 1

2(A/a)

A2 = I− (A/a)2

A3 = 1
2(A/a)2 + 1

2(A/a)
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also z.B. für m= 3:

u(t, x) = etĀ∂xu(t0, x) =
(
Ā1e

tλ1∂x + Ā2e
tλ2∂x + Ā3e

tλ3∂x
)
u(t0, x)

=
(
I + (Ā/ā)1

2(e+tā∂x − e−tā∂x) +

1
2(Ā/ā)2(e+tā∂x − 2 + e−tā∂x)

)
u(t0, x)

=
(
I + tĀ∂x + 1

2t
2Ā

2
∂2
x +O

(
t3
) )

u(t0, x)

hx = tā

u(t, x) = u(t0, x) + (Ā/ā)1
2

(
u(t0, x + hx)− u(t0, x− hx)

)
+

1
2(Ā/ā)2

(
u(t0, x + hx)− 2u(t0, x) + u(t0, x− hx)

)
exakt! −→vergl. Charakteristikentheorie
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Lösung System 1D

u(t, x) = e

t∫
t0

Ax(τ )∂xdτ
u(t0, x)

= e Hx∂xu(t0, x)

= Hx
i e
hxi ∂xu(t0, x)

hxi = tλxi , Hx
i = Ā

x
i

u(t, x) = Ā
x
iu(t0, x + hxi )
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Lösung System 2D

u(t, x, y) = e

t∫
t0

(
Ax(τ )∂x + Ay(τ )∂y

)
dτ

u(t0, x, y)

= e

(
Hx∂x + Hy∂y

)
u(t0, x, y)

nicht kommutativ

6= eH
x∂x eH

y∂y u(t0, x, y) !!!

jedoch in 2. Ordnung genau

e

(
∆tA + ∆tB

)
= 1

2

(
e∆tA e∆tB + e∆tB e∆tA

)
+O

(
t3
)
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Lösung 2.Ordnung System 2D

u(t, x, y) = 1
2e

Hx∂x e Hy∂y u(t0, x, y)+

1
2e

Hy∂y e Hx∂x u(t0, x, y)+O
(
t3
)

Matrixfunktion −→

Ā
xy
ij ≡ 1

2

(
Ā
x
i Ā

y
j + Ā

y
jĀ

x
i

)
u(t, x, y) = Ā

xy
ij u(t0, x + hxi , y + hyj)+O

(
t3
)
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Lösung 2.Ordnung System 2D

Figur 4: Lösung 2.Ordnung System 2D
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Lösung 2.Ordnung System 3D

x ≡ (x, y, z), xijk ≡ (x + hxi , y + hyj , z + hzk)

Ā
xyz
ijk ≡ 1

3

(
Ā
xy
ij Ā

z
k + Ā

yz
jkĀ

x
i + Ā

zx
ki Ā

y
j

)

u(t, x) = Ā
xyz
ijk u(t0, xijk)+O

(
t3
)
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Lösung System 3D
hier: koordinatenfrei

ǔ(t, r˜) = e

t∫
t0

Ǎ(τ )∇˜ dτ ǔ(t0, r˜)
= e

t ˇ̄A∇˜ ǔ(t0, r˜)
=

m∑
i=1

ˇ̄Aie
ȟi∇˜ ǔ(t0, r˜)

hier ǔ und Ǎ i.a. mit Vektor- und Skalar-Komponenten
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Beispiel: lin. Euler-Gleichungen

∂tv˜ + (v̄˜∇˜ )v˜ = −1

ρ̄
grad(p) ; curl(v˜) = 0˜

∂tp + (v̄˜∇˜ )p = −γp̄ div(v˜)

∂tρ + (v̄˜∇˜ )ρ = −ρ̄ div(v˜)

∂tǔ + (v̄˜∇˜ )ǔ = ˇ̄A∇˜ ǔ
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Beispiel: lin. Euler-Gleichungen, m = 3

Ā = −

 0
γp̄
ρ̄

1/ρ̄
0
0

0
0
0


λ1 = −ā, λ2 = 0, λ3 = +ā

ā2 = γp̄/ρ̄

Ā
2

=

 ā2

0
0

0
ā2

1

0
0
0
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Beispiel: m = 3

e
tĀ∇˜ = Ā1e

tλ1∇˜ + Ā2e
tλ2∇˜ + Ā3e

tλ3∇˜
= I− (Ā/ā)2 +

1
2(Ā/ā)(e

+R̄∇˜ − e−R̄∇˜ ) +

1
2(Ā/ā)2(e

+R̄∇˜ + e
−R̄∇˜ )

R̄:= tā
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Beispiel: m = 3

1
2(e

+R̄∇˜ − e−R̄∇˜ ) = R̄∇˜ + 1
6R̄

3∇˜∆ + 1
120R̄

5∇˜∆2 + · · ·
= R̄∇˜ (1 + 1

6R̄
2∆ + 1

120R̄
4∆2 + · · · )

Laplace Operator

div grad(p) = ∇˜∇˜ p = ∆p

grad div(v˜) = ∇˜ (∇˜ v˜) = ∆v˜ + curl curl(v˜)
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Beispiel: m = 3
Kugelkoordinaten (r3, ϑ, ϕ):

∆ = ∂2
r3

+ 2
r3
∂r3 +

1

r2
3

(∂2
ϑ +

cosϑ

sinϑ
∂ϑ +

1

sinϑ2
∂2
ϕ)

lim
r3→0

∆ = 3 ∂2
r3

+ · · ·

∆2 = (∂2
r3

+ 4
r3
∂r3)∂

2
r3

+ · · ·

lim
r3→0

∆2 = 5 ∂4
r3

+ · · ·

lim
r3→0

(1 + 1
6R̄

2∆ + 1
120R̄

4∆2 + · · · ) = 1 + 1
2R̄

2∂2
r2

+ 1
24R̄

4∂4
r4

+ · · ·
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6. Juli 2007 30

Beispiel: m = 3
Integration über Kugeloberfläche O3 mit Radius R̄:

AO3 =
∫
O3

do3 =
π∫

ϑ=0

2π∫
ϕ=0

R̄ sinϑdϑR̄dϕ

= 4πR̄2

∫
O3

1
2(e

+R̄∇˜ − e−R̄∇˜ )ǔ(0)do3 =
∫
O3

R̄∇˜ ǔ(Q3)do3

Zur Integration zeitabhängiger PDE-Systeme 30
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Beispiel: m = 3

1
2(e

+R̄∇˜ + e
−R̄∇˜ ) = 1 + 1

2R̄
2∆ + 1

24R̄
4∆2 + · · ·

= 1 + 1
2R̄

2∂2
r3

+ 1
24R̄

4∂4
r3

+ · · ·
+1

2R̄
22∂2

r3
+ 1

24R̄
44∂4

r3
+ · · ·

= 1 + 1
2R̄

2∂2
r3

+ 1
24R̄

4∂4
r3

+ · · ·
+R̄∂r3(R̄∂r3 + 1

6R̄
3∂3

r3
+ · · · )

∫
O3

1
2(e

+R̄∇˜ + e
−R̄∇˜ )ǔ(0)do3 =

∫
O3

(1 + 1
2R̄

2∂2
r3

+ 1
24R̄

4∂4
r3

2
+ · · · )ǔ(0)do3

+
∫
O3

R̄∂r3(R̄∂r3 + 1
6R̄

3∂3
r3

+ · · · )ǔ(0)do3

=
∫
O3

(
ǔ + R̄∂r3ǔ

)
(Q3)do3

Zur Integration zeitabhängiger PDE-Systeme 31



6. Juli 2007 32

3D Lösung lin. Euler-Gleichngen:

v˜(?) =
1

AO3

∫
O3

(
v˜ + R̄∂r3v˜ − R̄

ρ̄āgrad(p)
)

(Q3)do3

p(?) =
1

AO3

∫
O3

(
p + R̄∂r3p− R̄ρ̄ādiv(v˜)

)
(Q3)do3

ρ(?) − ρ(P ) + 1
ā2p

(P ) =
1

AO3

∫
O3

(
p + R̄∂r3p− R̄ρ̄ādiv(v˜)

)
(Q3)do3

ρ(?) − ρ(P ) =
ρ̄
γp̄(p(?) − p(P ))

Vergleiche Kirchhoffsche 3D Lösung der Wellengleichung !
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Lösung System 2D:

Zylinderkoordinaten (r2, ϕ):
3D Lösung mit ǔ(z) = const., ∂r3 = sinϑ∂r2

r2 = R̄ sinϑ, dr2 = R̄ cosϑdϑ

AO2 =
∫
A2

da2 =
2π∫
0

R̄∫
0

r2dr2dϕ

= πR̄2
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Lösung System 2D:

1

4πR̄2

∫
O3

ǔ(Q3)do3 =
1

4πR̄2

2π∫
0

π∫
0

ǔ(Q3)R̄ sinϑdϑR̄dϕ

=
1

4πR̄2
2

2π∫
0

R̄∫
0

ǔ(Q2) r2

cosϑ
dr2dϕ

=
1

2πR̄

∫
A2

ǔ(Q2)√
R̄2 − r2

2

da2

=
1

2πR̄2

∫
A2

ǔ(Q2)√
1− (r2/R̄)2

da2

=
1

2AO2

∫
A2

ǔ(Q2)√
1− (r2/R̄)2

da2
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Lösung System 2D:

1

4πR̄2
R̄
∫
O3

∂r3ǔ
(Q3)do3 =

1

4πR̄2
R̄

2π∫
0

π∫
0

∂r3ǔ
(Q3)R̄ sinϑdϑR̄dϕ

=
1

4πR̄2
2R̄

2π∫
0

R̄∫
0

∂r2ǔ
(Q2)r2 sinϑ

cosϑ
dr2dϕ

=
1

2πR̄

∫
A2

r2∂r2ǔ
(Q2)√

R̄2 − r2
2

da2

=
1

2πR̄2

∫
A2

r2∂r2ǔ
(Q2)√

1− (r2/R̄)2
da2

=
1

2AO2

∫
A2

r2∂r2ǔ
(Q2)√

1− (r2/R̄)2
da2
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2D Lösung lin. Euler-Gleichngen:

v˜(?) =
1

2AO2

∫
A2

(
v˜ + r2∂r2v˜ − r2

ρ̄āgrad(p)
)

(Q2)√
1− (r2/R̄)2

da2

p(?) =
1

2AO2

∫
A2

(
p + r2∂r2p− r2ρ̄ādiv(v˜)

)
(Q2)√

1− (r2/R̄)2
da2

ρ(?) − ρ(P ) =
ρ̄
γp̄(p(?) − p(P ))

Vergleiche Poissonsche 2D Lösung der Wellengleichung !
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Lösung lin. Euler-Gleichngen:

Figur 5: 3D Lösung Figur 6: 2D Lösung
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Lösung System 1D:

Koordinate (x):
2D Lösung mit ǔ(y) = const., ∂r2 = cosϕ∂x

x = r2 cosϕ
dx = r2 sinϕdϕ

Zur Integration zeitabhängiger PDE-Systeme 38
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Lösung System 1D:

1

2πR̄

∫
A2

ǔ(Q2)√
R̄2 − r2

2

da2 =
1

2πR̄

R̄∫
0

2π∫
0

ǔ(Q2)√
R̄2 − r2

2

r2dϕdr2

=
1

2πR̄

R̄∫
−R̄

+
√
R̄2−x2∫

−
√
R̄2−x2

ǔ(Q2)√
R̄2 − x2 − y2

dxdy

=
1

2πR̄

R̄∫
−R̄

[
arcsin y√

R̄2−x2

]+
√
R̄2−x2

−
√
R̄2−x2

ǔ(Q1)dx

=
1

2R̄

R̄∫
−R̄

ǔ(Q1)dx

Zur Integration zeitabhängiger PDE-Systeme 39
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Lösung System 1D:

1

2πR̄

∫
A2

r2∂r2ǔ
(Q2)√

R̄2 − r2
2

da2 =
1

2R̄

R̄∫
−R̄

x∂xǔ
(Q1)dx

=
1

2
(u(R̄) + u(−R̄))− 1

2R̄

R̄∫
−R̄

ǔ(Q1)dx
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1D Lösung lin. Euler-Gleichngen:

vx
(?) =

1

2
(vx

(R̄) + vx
(−R̄))− 1

2ρ̄ā
(p(R̄) − p(−R̄))

p(?) =
1

2
(p(R̄) + p(−R̄))−ρ̄ā

2
(vx

(R̄) − vx(−R̄))

ρ(?) − ρ(P ) =
ρ̄
γp̄(p(?) − p(P ))

Vergleiche d’Alembertsche 1D Lösung der Wellengleichung !
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Lösung 3D kugelsymmetrisch, r3 6= 0:
für vr(t0, r3) ≡ 0

p(t, r3) = 1
2(e

+R̄∇˜ + e
−R̄∇˜ )p(t0, r3)

= (1 + 1
2R̄

2∆ + 1
24R̄

4∆2 + · · · )p(t0, r3)

=
(

1 + 1
2R̄

2(∂2
r3

+ 2
r3
∂r3) + 1

24R̄
4(∂4

r3
+ 4

r3
∂3
r3

) + · · ·
)
p(t0, r3)

= 1
2(p(t0, r3 + R̄) + p(t0, r3 − R̄)) +
R̄

2r3
(p(t0, r3 + R̄)− p(t0, r3 − R̄))

= r3+R̄
2r3

p(t0, r3 + R̄) + r3−R̄
2r3

p(t0, r3 − R̄)
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Lösung 3D kugelsymmetrisch, r3 6= 0:
für p(t0, r3) ≡ 0

p(t, r3) = −ρ̄ā2 (e
+R̄∇˜ − e−R̄∇˜ )v˜(t0, r3)

= −ρ̄āR̄(1 + 1
6R̄

2∆ + 1
120R̄

4∆2 + · · · )(∂r3 + 2
r3

)vr(t0, r3)

= −ρ̄āR̄(∂r3 + 2
r3

)vr(t0, r3)− ρ̄ā
6 R̄

3(∂r3 + 4
r3

)∂2
r3
vr(t0, r3)

−ρ̄ā120R̄
5(∂r3 + 6

r3
)∂4

r3
vr(t0, r3) + · · ·

= −ρ̄ā(R̄∂r3 + 1
6R̄

3∂3
r3

+ 1
120R̄

5∂5
r3

+ · · · )vr(t0, r3)

−ρ̄ā R̄r3(1 + 1
2R̄

2∂2
r3

+ 1
24R̄

4∂4
r3

+ · · · )vr(t0, r3)

−ρ̄ā 1
r3

(R̄ + 1
6R̄

3∂2
r3

+ 1
120R̄

5∂4
r3

+ · · · )vr(t0, r3)
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p(t, r3) = −ρ̄ā(R̄∂r3 + 1
6R̄

3∂3
r3

+ 1
120R̄

5∂5
r3

+ · · · )vr(t0, r3)

−ρ̄āR̄r3 (1 + 1
2R̄

2∂2
r3

+ 1
24R̄

4∂4
r3

+ · · · )vr(t0, r3)

−ρ̄ā 1
r3

R̄∫
0

(1 + 1
2r

2∂2
r3

+ 1
24r

4∂4
r3

+ · · · )vr(t0, r3)dr

= −ρ̄ā
(
r3+R̄
2r3

vr(t0, r3 + R̄)− r3−R̄
2r3

vr(t0, r3 − R̄)
)

−ρ̄ā 1
2r3

R̄∫
−R̄

vr(t0, r3 + r)dr
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3D Lösung lin. Euler-Gleichngen, kugelsymmetrisch:

p(t, r3) = r3+R̄
2r3

p(t0, r3 + R̄) + r3−R̄
2r3

p(t0, r3 − R̄)

−ρ̄ā
(
r3+R̄
2r3

vr(t0, r3 + R̄)− r3−R̄
2r3

vr(t0, r3 − R̄)
)

−ρ̄ā 1
2r3

R̄∫
−R̄

vr(t0, r3 + r)dr
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Lösung lin. Euler-Gleichngen, kugelsymmetrisch
AW p(t=0), v(t=0)=0

Figur 7: Anfangswerte p(t=0) Figur 8: Lösung p(t=1), AW p(t=0),

v(t=0)=0
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Lösung lin. Euler-Gleichngen, kugelsymmetrisch
AW p(t=0), v(t=0)=0

Figur 9: p(t=2), AW p(t=0),

v(t=0)=0

Figur 10: Lösung p(t=3), AW p(t=0),

v(t=0)=0
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Lösung lin. Euler-Gleichngen, kugelsymmetrisch
AW v(t=0), p(t=0)=0

Figur 11: Anfangswerte v(t=0) Figur 12: Lösung p(t=1), AW v(t=0),

p(t=0)=0
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Lösung lin. Euler-Gleichngen, kugelsymmetrisch
AW v(t=0), p(t=0)=0

Figur 13: p(t=2), AW v(t=0),

p(t=0)=0

Figur 14: Lösung p(t=3), AW v(t=0),

p(t=0)=0
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